Abstract. In this note the authors study the algebraic geometrical properties of a model Kepler supposed as Mars's orbit. Especially it is shown that the distance between Mars and the sun in Kepler's vicarious ovum is composed by a ruler and a compass for every true anomaly.
Introduction
Johannes Kepler's "Astronomia Nova" [5] provided a refined observational proof of Copernican heliocentric theory of the solar system. This book attracts modern mathematicians' interests ( [1] [3] [4] [10] ). It is known that Kepler tried various "ovoid" models of Mars's orbit before he found that an ellipse was the true orbit of Mars. A quartic elliptic curve model was rigidly formulated by Fladt in [4] inspired by Kepler's intuitive formulation. Fladt formulated one of Kepler's oval orbits via a central force. Some subjects in matrix analysis are related with central force (cf. [2] ). In many trials Kepler could not provide rigid mathematical formulations of models. However the "various ovum" is an interesting exception. Kepler himself gave a clear definition for this model in [5] . A modern treatment of this model was given in [10] . Whiteside computed the distance r = r(φ) between the sun and the star Mars by using the true anomaly φ. He gave the Taylor expansion of r(φ) in φ and used it to compare the vicarious ovum with other models of Mars's orbit. In this note we treat the vicarious ovum as an algebraic arc. We treat the irreducible algebraic curve containg the vicarious ovum as its subset. Figure 1 : planet is at G On the Euclidean plane, we shall use Cartesian coordinates (x, y). The points I = (1+e, 0), L = (−1+ e, 0) are respective the aphelion and perihelion of a planet, where e is the eccentricity of the planet with 0 < e < 1. The sun is fixed at the origin A = (0, 0). The circular orbit for the vicarious hypothesis in [5] , chapters 15-18 is given by (x−λe) 2 +y 2 = 1. Its center C = (λe, 0) satisfies 1 < λ < 2 and λe < 1. The equant D = (2e, 0) was used for a Kepler's previous model of planetary motion called "vicarious hypothesis". On this hypothesis the planet moves on the circle (x − λe) 2 + y 2 = 1 with the constant angular velocity around the point D not around the point (λe, 0). For a true anomaly 0 < φ < π, we draw a halh line
We denote by H its intersection with the circle (x − λe) 2 + y 2 = 1. The mean anomaly θ common for the vicarious hypothesis and the vicarious ovum is given by θ = ∠IDH. It satisfies 0 < φ < θ < π. The mean anomaly is a parameter proportional to the time after the planet passes through the aphelion for the two models. We draw another hahf line = {(e + s cos θ, s sin θ) : 0 ≤ s < ∞} originated at the point B = (e, 0). This point is the midpoint of I, L. We denote by F the intersection of with the circle (x − e) 2 + y 2 = 1. The length AF provides the desired distance r = r(φ) of the sun and the planet for φ. The planet is located at G = (r(φ) cos φ, r(φ) sin φ) on the line segment AH. The trajectory of G for −π ≤ φ ≤ π defines the vicarious ovum. For −π ≤ φ ≤ 0, the position of the planet is given by (r(−φ) cos φ, r(−φ) sin φ) (cf. Figure 1 ). We present a graphic of the vicarious ovum in the case e = 1/2, λ = 3/2 in Figure 2 . 
The composition of the distance of the sun and the planet
The distance AF is given by
This function is monotone decreasing on the closed interval [0, π]. Kepler constructed the position G = (r(φ) cos φ, r(φ) sin φ) of the planet with a ruler and compass for a given true anomaly φ. It is remarkable that a geometric construction of the length r(φ) with a ruler and compass is possible for a given cos φ (cf. [8] ). By applying the law of sines to HCD, HAC, we have the equations
2)
On the interval [0, π], the three angles θ, ψ, φ are mutually related continuouly and the functions
are monotone increasing on the interval. Thus the function R(φ) = r(θ(φ)) 2 is monotone decreasing on [0, π]. We eliminate the variable ψ from the equations (2.2) and represent the relation between θ, φ in an implicit form:
( [9] for the elimination method). By using this equation, we can represent the relation between r and cos φ in an implicit form
By using the polar equation (2.4), we can construct a polynomial K(t, x, y) of degree 12 satisfying the equation
for arbitrary anomaly φ. We shall study Kepler's vicarious ovum and its Zarisky closure in the complex projective plane
It is useful to consider the subsets
We shall express the distance r(θ) explicitly as a function in φ. For the angle φ = π/2, the corresponding mean anomaly π/2 < θ 0 < π is given by
Thus the value r(π/2) 2 is given by
For the angle φ = π/2, the equation α 0 (e, λ, r 2 − 1 − e 2 ) = 0 in r 2 has 2 repeated solutions
and r 2 = R 3 = 1 + e 2 + 4e
The quantity √ R 3 is the distance of the planet and the sun for θ = π − θ 0 . The right-hand side of (2.7) should be postive for the construction of the orbit. The condition is equivalent to the inequality
This inequality holds under the conditions 0 < e < 1/ √ 3, 1 < λ < 2, eλ < 1. We assume these conditions. We change the variables r 2 = R = 1 + e 2 + R 0 . Then the equation (2.3) is rewritten as In the interval 0 < φ < π/2, the coefficient B 0 (e, λ, φ) has a unique vanishing point 0 < φ 0 < π/2 given by
At this point φ 0 , the equation (2.9) has a solution R 0 = 0 or R = 1 + e 2 and the equation (2.9) has a multiple solution in R = 1 + e 2 + R 0 . This angle φ 0 is the true anomaly corresponding to the mean anomaly θ = π/2. In the interval 0 ≤ φ < φ 0 and the interval φ 0 < φ ≤ π/2, the equation (2.9) has 2 positive real solutions in R 2 0 :
We regard this function S(e, λ, φ) as a function in tan 2 φ and extend it as
Here we remark that
for φ = φ 0 . We shall prove the following proposition.
Proposition 2.1 The 4 real solutions of the equation (2.9) in R = 1+e
2 + R 0 given as the followig [Proof ] We consider the quadratic polynomial P 0 (e, λ, R, u) in u = cos 2 φ. First of all the leading coefficient α 2 (e, λ, R − 1 − e 2 ) does not vanish on the set
In fact, the solution u of the equation α 0 (e, λ, R−1−e 2 )−2α 1 (e, λ, R−1−e 2 )u = 0 satisfies
Thus the set (2.15) is empty.
For u = 0 or φ = π/2, the equation (2.9) has two positive repeated solutions
For u = 1 or φ = 0, we have the equation
and hence the equation (2.9) in R has two positive repeated solutions
We shall determine the point φ at which two of the 4 real functions R j (φ) coincide or the point φ at which the implicit function assume a stationary value. For this aim, we consider the quadratic polynomial P 0 (e, λ, R, u) in u = cos 2 φ.
We treat the discriminant α 2 1 − α 2 α 0 . We assume that this polynomial vanishes. By direct computations, the discriminant is given by
where the inequality
2 e 2 } > 0 holds for real R. Hence if the discriminant vanishes, then one of the following equations holds
If we substitute R = (1 + e) 2 or R = (1 − e) 2 into (2.9), then we have
If we substitute R = 1 + e 2 into (2.9), then we have
Thus the stationary points φ of the implicit function R j (φ) determined by (2.9) on 0 ≤ φ ≤ π/2 are 0, φ 0 , π/2 and the stationary values (1 + e) 2 , (1 − e) 2 , 1 + e 2 are positive. 2
In the above B 1 (e, λ, φ) is given by (2. 10). By Proposition 2.1, these functions satisfy the inequality
and these functions are monotone decreasing or increasing on the interval 0 < φ < φ 0 and φ 0 < φ < π/2. These satisfies
For the angle φ = π/2, the equations
For the angle φ = φ 0 defined by (2.12), the equation
. These values satisfy
We shall express Kepler's vicarious ovum by using these functions as 
